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Taking into account the long-ranged spin interactions due to weak localization effects in disordered
itinerant ferromagnets the scattering of both electrons and neutrons on critical spin fluctuations
near quantum phase transition is considered. It is shown that for the case of low electron density,
when kF ξ ≪ 1, where kF is the Fermi momentum and ξ is the magnetic correlation length, the
transport cross section of electrons is proportional to the magnetic susceptibility as for the case of
scattering by conventional critical fluctuations in absence of weak localization effects. However, the
intensity of the multiple small-angle neutron scattering becomes exponentionally small as compared
with the intensity of the multiple scattering by conventional critical fluctuations.
PACS numbers: 61.12.Bt, 64.60.Fr, 72.10.Di
I. INTRODUCTION
It is well known1–5 in both disordered and clean itin-
erant quantum ferromagnets there are non-critical soft
modes that exist in addition to the critical order param-
eter fluctuations. These soft modes couple to the critical
modes and lead to an effective long-ranged interaction
between the order parameter fluctuations. In disordered
systems, they are the so-called “diffusons”.
According to6, in the impurity system the correlation
length exponent ν, should satisfy the inequality ν ≥ 2/d,
where d is the dimension of the space. Thus, it is easy
to see the mean-field value ν = 1/2 does not satisfy this
inequality for any dimension d < 4. In other words, the
quenched disorder is a relevant perturbation with respect
to mean-field theory.
Recently Majumdar and Littlewood7 have studied
transport in a low density electron gas coupled to fer-
romagnetic fluctuations near a finite temperature phase
transition. They have suggested that this model de-
scribes “colossal” magnetoresistance in the pyrochlore
Tl2−xScxMn2O7, where the mechanism of “colossal”
magnetoresistance is strongly different from the mecha-
nism in the perovskite manganites La1−xSrxMnO3. The
main assumption of this model is fact that magnetic mo-
ments are ordered ferromagnetically, independently from
a low density electron gas.
Critical fluctuations usually lead to large scattering
but the dominant long-ranged fluctuations near a ferro-
magnetic transitions have a negligible effect on transport
because it is primarily modes near 2kF which are effective
in backscattering. The obvious and interesting exception
is a low electron density system, kF a ≪ 1 (kF is the
Fermi momentum and a is the lattice constant), where
the growth of magnetic fluctuations can be directly re-
flected in the resistivity7.
The theory for the “spin disorder” contribution to re-
sistivity near a ferromagnetic transition was given by de
Gennes and Friedel8 and modified by Fisher and Langer9.
In this Letter we consider the peculiarities of scatter-
ing on spin fluctuations due to weak localization effects
in disordered itinerant ferromagnets near the quantum
phase transition at zero temperature. It is shown that
for the case of low electron density for d = 3 the trans-
port cross section of electrons is proportional to the mag-
netic susceptibility similarly to the case of scattering by
conventional critical fluctuations in absence of weak lo-
calization effects. It occurs due to the fact that change
of critical exponents upon the dimension of the space d
for the quantum phase transition conserves the critical
exponent γ for magnetic susceptibility. However, the in-
tensity of the multiple small-angle neutron scattering be-
comes proportional to exp(−L/l), where L is the sample
thickness and l is the mean free path, as compared with
the intensity of the multiple scattering by conventional
critical fluctuations.
II. DISORDERED QUANTUM ITINERANT
FERROMAGNET
In disordered quantum ferromagnets the additional
soft modes, “diffusons”, exist that cause the weak local-
ization effects. These soft modes couple to critical modes
and lead to an effective long-ranged interaction between
the critical order parameter fluctuations1.
According to1, for small values of a wavenumber |q|
and a bosonic Matsubara frequency Ωn (Ωn = 2piTn)
the leading behavior of the order parameter correlation
function G(q,Ωn) in disordered itinerant quantum ferro-
magnets is
1
G(q,Ωn) =
ξ1/ν
1 + ad−2ξ1/ν |q|d−2 + ξ1/νq2 + aωξ1/νΩn/q2
.
(1)
Here ai are positive constants and ξ ∼ t
−ν is the correla-
tion length, where the t is the distance from the critical
point. The most interesting contribution in Eq. (1) is
the nonanalytic term ∼ |q|d−2. It is easy to see that due
to this term there is the long-range interaction between
the order parameter fluctuations which in real space is
proportional to r−2d+2.
It should be noted here that this result occurs at zero
temperature. At finite temperature an analytic expan-
sion about q = 0 exists and the conventional local func-
tional for the free energy is obtained1.
It is well known from the theory of classical phase tran-
sitions that long-range interactions suppress fluctuations.
Using the renormalization group methods it has been
found3 that only the Gaussian term is relevant in the
free energy expansion for d > 2. In other words the ef-
fective long-range interaction between the order parame-
ter fluctuations stabilizes the Gaussian fixed point, which
describes the critical behavior of the system.
For q = Ωn = 0, the correlation function G determines
the magnetic susceptibility χm ∼ G(q = 0,Ωn = 0) in
zero field. Hence the critical exponent γ has its usual
mean-field value γ = 1. However, for non-zero wave-
numbers the anomalous |q|d−2 term dominates the usual
q2 dependence for all dimensions d < 4. The correlation
length exponent ν is given by
ν =
{
1/(d− 2), for 2 < d < 4,
1/2, for d > 4.
(2)
Note that ν ≥ 2/d, as it must be in general disor-
dered systems6. The wavenumber dependence of G at
t = 0 is characterized by exponent η, which is defined as
G(q,Ωn = 0) ∼ |q|
−2+η. From Eq. (1) we obtain
η =
{
4− d, for 2 < d < 4,
0, for d > 4.
(3)
III. TRANSPORT SCATTERING CROSS
SECTION
The transport relaxation rate τ−1 is determined by
τ−1 ∝ σtr, (4)
where
σtr =
∫ pi
0
σ(q) (1− cos θ) sin θdθ, (5)
is the transport scattering cross section. Here σ(q) is the
differential scattering cross section and θ the scattering
angle. The transfer momentum can be written as
q = 2kF sin(θ/2). (6)
Within the Ornstein-Zernike approximation we have
σ(q) = gξ2/(1 + q2ξ2), (7)
where ξ is the magnetic correlation length for finite tem-
perature phase transition and g is the square of the Born
parameter of the magnetic scattering theory.
The result for the transport scattering cross section is
σtr = g
1
k2F
(
4−
1
k2F ξ
2
ln(1 + 4k2F ξ
2)
)
. (8)
Note that for kF ξ ≪ 1 the transport cross section is
proportional to ξ2.
IV. ELECTRON SCATTERING IN DISORDERED
ITINERANT FERROMAGNETS
Let us now discuss the scattering of electrons by crit-
ical order parameter fluctuations, which interact via di-
mensionally dependent long-range effective coupling. Ac-
cording to Eq. (1), for d > 4 we have the case of electron
scattering near finite temperature phase transition given
by Eq.(8). However, for 2 < d < 4 the differential scat-
tering cross section is
σ(q) = gξ1/ν/(1 + ad−2ξ
1/νqd−2), (9)
with the transport scattering cross section given by
σtr = g
8ξ1/ν
d− 2
∫ 1
0
z4ν−1
1 + bz
dz, (10)
where b = 2kF ξad−2.
Further, to be specific we consider the physical dimen-
sion d = 3. Eq. (10) can be written as
σtr = g
8ξ
b4
[
b3
3
−
b2
2
+ b− ln(1 + b)
]
. (11)
It is easy to see that for the case of the low electron
density, when kF ξ ≪ 1, the transport relaxation rate
for 3D is proportional to ξ and the correlation length
exponent ν = 1. Nevertheless, this result is analogous
to the Ornstein–Zernike approximation, where the trans-
port cross section is proportional to ξ2 and the correlation
length exponent ν = 1/2. So in the limit of small q and
Ω the transport cross section is proportional to t−1 in
general case due to the fact that the correlation function
G for this limit determines the magnetic susceptibility χ
and its critical exponent γ = 1.
Thus, we see that weak localization effects for the scat-
tering of electrons by the critical spin fluctuations at the
low electron density are irrelevant with respect to the
scattering of electrons by conventional critical fluctua-
tions.
2
V. MULTIPLE SMALL-ANGLE NEUTRON
SCATTERING ON LARGE-SCALE SPIN
INHOMOGENEITIES
It is well known that the small-angle neutron scattering
is a widely used tool for studying of large-scale inhomo-
geneities in condensed matter. To determine the pecu-
liarities of the critical order parameter fluctuations due
to weak localization effects, we now discuss the multiple
small-angle neutron scattering on spin fluctuations in dis-
ordered itinerant ferromagnet in vicinity of the quantum
phase transition at zero temperature.
Near the phase transition the scattering cross section
on fluctuations increases and the mean free path l de-
creases. In this case the multiple scattering of particles
must be considered because the mean free path may be
small as compared with sample thickness L. The the-
ory of small-angle multiple scattering of particles (the so-
called Molie`re theory) considered, for example, in Ref.10
has been generalized by Maleyev and Toperverg11 on
multiple scattering on critical fluctuations. According
to this theory the intensity of the scattering particles is
given by the equation
I(q) =
S
2pi
∫
∞
0
dλλJ0
(
λ
q
k
)
exp
[
−
L
l
(
1−
σλ
σ0
)]
, (12)
where S is the sample area, k is the momentum of inci-
dent particles and
σλ =
2pi
k2
∫
∞
0
dqqJ0
(
λ
q
k
)
σ(q). (13)
Here σ0 is the total cross section
σ0 =
2pi
k2
∫ 2k
0
σ(q)qdq. (14)
Let us first consider scattering on conventional critical
fluctuations. In the Ornstein-Zernike approximation the
differential scattering cross section is given by Eq. (7).
Then the total cross section is
σ0 = g
2pi
k2
ln(2kξ) (15)
and σλ can be written in the form
σλ = g
2pi
k2
∫
∞
0
J0
(
λ
k
q
)
q
ξ−2 + q2
dq = g
2pi
k2
K0
(
λ
kξ
)
,
(16)
where K0(z) is the modified Bessel function. For small
values of λ/kξ the leading behavior of σλ is
σλ = −g
2pi
k2
ln
(
λ
kξ
)
. (17)
Using Eqs.(15) and (17), the intensity of scattering can
be written more explicitly,
I(q) =
S
2pi
∫
∞
0
dλλJ0
(
λ
q
k
)
exp
[
−
L ln(2λ)
l ln(2kξ)
]
=
S
2pi
∫
∞
0
dλλJ0
(
λ
q
k
)
(2λ)−s, (18)
where s = L/l ln(2kξ). From Eq. (18) we see that the
range of small-angle scattering is
1≪
L
l
< 2 ln(2kξ) (19)
and according to Ref.11
I ∼
S
2pi
{
(q/k)s−2, for q ≫ 1/ξ,
(1/kξ)s−2, for q ≪ 1/ξ.
(20)
At last, the mean free path l = (n0σ0)
−1, where n0 is the
density of magnetic atoms, for this case can be written
in the form
l = (n0g ln(2kξ))
−1
. (21)
Thus we see that for the small-angle scattering, when
kξ ≫ 1, increasing of the correlation length ξ near tran-
sition leads to decreasing of the mean free path.
Now discuss the neutron scattering by the critical fluc-
tuations in disordered systems taking into account weak
localization effects. Again, to be specific we consider the
dimension d = 3, when at low q the anomalous |q|d−2
term in Eq. (1) dominates the q2 dependence. Eq. (14)
for σ0 can be rewritten as,
σ0 = g
2pi
k2
∫ 2k
0
aq
ξ−1 + q
dq = g
2pia
k2
[
2k −
1
ξ
ln(1 + 2kξ)
]
(22)
In general the small-angle scattering assumes that kξ ≫
1. For this case we then have
σ0 ≃ g
2pia
k2
[
2k −
1
ξ
ln(2kξ)
]
. (23)
Similarly, the equation for σλ can be written as
σλ = g
2pi
k2
∫
∞
0
J0
(
λ
k
q
)
aq
ξ−1 + q
dq
= g
2pia
k2
{
k
λ
−
1
ξ
pi
2
[
H0
(
λ
kξ
)
− Y0
(
λ
kξ
)]}
≃ g
2pia
k2
{
k
λ
−
1
ξ
[
λ
kξ
− ln
λ
kξ
]}
, (24)
whereH0(z) is the Struve function, Y0(z) the Bessel func-
tion of the second kind and we use units where a1 = 1.
If we collect all contributions to the scattering inten-
sity, we obtain
I(q) =
S
2pi
∫
∞
0
dλλJ0
(
λ
q
k
)
×
exp
[
−
2− (1/λ)− (1/kξ) ln(2λ) + λ/(kξ)2
2− (1/kξ) ln(2kξ)
L
l
]
. (25)
3
For λ ≫ kξ the function σλ decreases as λ
−1/2 when
λ increases and the contribution to the intensity from
λ ≫ kξ is exponentially small for large values of L/l.
Then the upper limit of integral over λ in Eq. (25) must
be smaller than kξ. Moreover, the main contribution to
the integral gives the range λ < k/q, where the Bessel
function J0(λq/k) ∼ 1, and for small-angle scattering
the value of λ must be bigger than 1. Now, it is easy to
see that the intensity given by Eq. (25) is proportional
exp(−L/l) both for q ≫ 1/ξ and q ≪ 1/ξ.
VI. CONCLUSION
We discussed the electron transport scattering cross
section and neutron small-angle multiple scattering in-
tensity on the critical order parameter fluctuations in
disordered itinerant quantum ferromagnets with the low
electron density. The crucial feature of quantum phase
transitions at zero temperature is the coupling of the crit-
ical soft mode to the additional non-critical soft modes
that leads to long-range interactions between critical or-
der parameter fluctuations via these soft modes and thus
considerably changes the critical behavior of the system.
In disordered systems, these soft modes are known as
diffusons and cause weak localization effects. It is well
known that long-range interactions suppress critical fluc-
tuations.
Taking into account weak localization effects we ob-
tained the transport cross section for low density elec-
trons analogous to the Ornstein-Zernike approximation
which describes the scattering of electrons by conven-
tional critical fluctuations. To understand this result
one should remember that according to definition of the
transport cross section the contribution of small angles
is restricted by the factor (1 − cos θ). Hence, the domi-
nant long-ranged fluctuations have a negligible effect on
transport.
In contrast, the intensity of the small-angle neutron
scattering in disordered systems is determined namely by
the long-ranged fluctuations. So, in disordered systems,
the scattering cross section is finite when the correlation
length ξ goes to infinity while for the conventional crit-
ical fluctuations one is diverged. The intensity of the
multiple small-angle scattering on large-ranged critical
fluctuations is exponentially small. This is the result of
suppressing of the critical fluctuations by the long-range
interaction. On the other hand, the scattering by the con-
ventional critical fluctuations gives the contribution to
the intensity of the multiple small-angle scattering given
by Eq. (20).
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